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Abstract. Realistic virtual models of leaf surfaces are important for a number of applications in the plant
sciences, such as modelling agrichemical spray droplet movement and spreading on the surface. In this context,
the virtual surfaces are required to be sufficiently smooth to facilitate the use of the mathematical equations
that govern the motion of the droplet. While an effective approach is to apply discrete smoothing D2-spline
algorithms to reconstruct the leaf surfaces from three-dimensional scanned data, difficulties arise when dealing
with wheat leaves that tend to twist and bend. To overcome this topological difficulty, we develop a param-
eterisation technique that rotates and translates the original data, allowing the surface to be fitted using the
discrete smoothing D2-spline methods in the new parameter space. Our algorithm uses finite element methods
to represent the surface as a linear combination of compactly supported shape functions. Numerical results
confirm that the parameterisation, along with the use of discrete smoothing D2-spline techniques, produces
realistic virtual representations of wheat leaves.
Additional keywords: virtual leaf construction, wheat leaves, finite-element methods, discrete smoothing
D2-splines.
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Introduction
Reconstructing plant surfaces from point cloud data is important for a number of applications in plant science,
including estimating the leaf area and volume of the plant (Moorthy et al., 2008), reconstructing plant canopies
(Omasa et al., 2007; Phattaralerphong and Sinoquet, 2005; Sanz-Cortiella et al., 2011), generation of the plant
structure (Cai and Miklavcic, 2012; Paproki et al., 2011; Watanabe et al., 2005), reconstruction of the leaf
surfaces (Forster et al., 2005; Kempthorne et al., 2014b; Loch et al., 2005; Oqielat et al., 2011; Teske et al.,
2002) and modelling droplet movement on the leaf surface (Dorr et al., 2008, 2014; Oqielat et al., 2011).
The techniques currently used for data capture of these features are 3D scanning (Chambelland et al., 2008;
Kempthorne et al., 2014a; Moorthy et al., 2008; Omasa et al., 2007; Sanz-Cortiella et al., 2011) and photograph
extraction (Cai and Miklavcic, 2012; Phattaralerphong and Sinoquet, 2005; Quan et al., 2006; Shlyakhter et al.,
2001; Watanabe et al., 2005).
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The particular interest here is the reconstruction of leaf surfaces to form important components of virtual
plants that are used in multi-scaled computational models for agrichemical spraying of whole plants (Dorr et al.,
2014). In this context, it is crucial that the reconstructed surface provides an accurate virtual representation
of the original leaf; this requirement leads to the use of 3D scanning devices due to the accuracy and speed
of this approach, as evidenced by the recently developed products using this technology (for example, CSIRO
Plantscan and Phenospex PlantEye). Furthermore, the resulting surface needs to be described by a sufficiently
smooth explicit function (in particular, the surface needs to have a continuous gradient) so that the subsequent
mathematical models for droplet interception, impaction and spreading can be applied. For these reasons, it
is not appropriate to apply active contour models (which produce an implicit function of the surface) (Kass
et al., 1988; Pottmann and Leopoldseder, 2003) or two dimensional estimates with perturbations (Mundermann
et al., 2003). Instead, desirable approaches for constructing the surface include the following three methods, the
first two of which involve discretising the domain using a finite element method (FEM): (a) discrete smoothing
D2-spline, which, in addition to minimising the difference between the virtual surface and the original data,
acts to smooth the curvature across the surface (Arcange´li et al., 2004; Torrens, 1998); (b) a thin plate spline
smoother (Roberts et al., 2003; Roberts and Stals, 2004; Stals and Roberts, 2005); and (c) a radial basis function
method with Clough-Tocher elements (Oqielat et al., 2007, 2009).
This paper does not approach reconstructing the leaf from a phenotyping perspective. Phenotyping may
involve scanning many plants and comparing characteristics at the morphological scale. Whilst it is often desir-
able to have whole plant imaging for comparing large scale features, it is normally not essential to obtain highly
accurate surface representations as this application requires. Furthermore, future work in obtaining highly accu-
rate leaf representations will attribute specific surface character parameters at each point on the reconstructed
surface, such as surface orientation and microsurface characteristics, which can be obtained experimentally.
This level of detail of an individual leaf is lost when reconstructing plants with phenotyping.
Recently the approaches (a)-(c) above for reconstructing cotton and chenopodium leaves have been com-
pared (Kempthorne et al., 2014b). The leaves were scanned using the 3D structured white light scanner Artec S,
producing a point cloud with data points spaced 200−500 µm apart to be used as an input to the surface fitting
algorithms. It was found that the surface generated with discrete smoothing D2-splines was much smoother
than that computed with the other two approaches and, furthermore, the algorithm with discrete smoothing
D2-splines also ran significantly faster. For these reasons, discrete smoothing D2-splines were used to construct
the leaf surfaces for simulations of spraying our virtual plants in Dorr et al. (Dorr et al., 2014).
In the present study we are interested in wheat leaves, which have blades that are long and narrow. As
the blade becomes longer, it is common for it to twist and bend. An illustration of this typical geometry are
the wheat leaves shown in Figure 1(a). A problem with applying the discrete smoothing D2-spline methods
to reconstruct surfaces from scanned data of wheat leaves is that these algorithms require the original surface
to be defined by a single-valued function with respect to a reference plane (roughly speaking, this means the
surface can not spiral or curl over itself). The goal of this work is to adapt and extend the discrete smoothing
D2-spline algorithms to wheat leaves whose topology is inherently spiral in nature.
Due to the general shape of wheat leaves, it is appropriate to treat them initially as ruled surfaces, which
have the parametric form r(u, v) = m(u)+va(u) (Ding and Davies, 1987) with parameters u and v, where m(u)
represents a directrix and a(u) is a ruling vector. A number of techniques are available for fitting ruled surfaces
to data sets (Chen and Pottmann, 1999; Peternell, 2004a,b). In this work, a simpler algorithm is used based
on constructing a coordinate system from the scanned data, together with reconstructed edges and centre line
of the leaf blade. This is done so that the parameterisation, which will effectively be a rotation and translation
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of the original data, preserves the scale of the data set. This approach results in the surface satisfying the
properties of an explicit function in the parameter space.
A summary of our approach is as follows. 1) A wheat plant was scanned using an Artec S scanner, which
provides a discrete sample of the surface. The individual leaves of the plant are then separated for reconstruction.
2) The edges and midline of the leaf are reconstructed using Geomagic XOS, after which time a local orthogonal
coordinate system (u, v, w) is determined with the u-axis running parallel to the leaf blade. 3) The surface is
then parameterised such that it can be represented as the explicit function w = f(u, v). 4) A surface is then
fitted to the data set in parametric coordinates using D2-spline methods. 5) The fitted surface is converted
from parametric coordinates back to standard coordinates.
We show here that this approach is successful, and is able to compute a functional representation of a wheat
leaf based on a scanned data set. Our scheme is reliable and depends on the reconstructions performed, but
further research is required to reduce the computational expense of the parameterisation process.
Materials and Methods
Scanning wheat leaves
The 3D Artec S scanner employed to digitise the wheat plant uses a structured white light algorithm to capture
data points with a spacing of 200 − 500 µm. A comparison of the scanners that were available for use in
this project, which included the Roland MDX20 contact scanner, Microsoft Kinect, Roland LPX-250 Scanner,
Picoscan and Artec S Scanner, was performed in Kempthorne et al. (Kempthorne et al., 2014a). The Artec
S requires the Artec proprietary software, Artec Studio, which does severely limit the configurability of the
device. The field of view for this scanner is quite small (80 × 56 × 100 mm), causing difficulty with scanning
wheat leaves, as they are typically long and narrow.
This issue is exacerbated by the data acquisition technique of the scanner, which captures a number of
frames per second and then aligns consecutive frames based on the assumption that two consecutive frames will
scan a nearby region of the object. As the general shape of a wheat leaf is visually similar along its length,
it can be difficult for the software to determine exactly where consecutive frames are to be aligned. This can
be overcome by placing additional rigid objects nearby, but not contacting, the leaves to provide additional
structure (see Figure 1(b)). The data points obtained from these objects are then removed in a pre-processing
stage. This processing is performed manually using the eraser tool in Artec Studio.
The most reliable process for scanning wheat plants with this device is to use a number of short scans from
different positions and orientations. A scan is a sequence of frames aligned automatically by the device which
represent the object being scanned from a single viewpoint. This process should be repeated until all portions
of the plant are scanned from multiple angles and orientations, as this will ensure that the data quality is as
high as possible.
Reconstructing edges and centre line
The proposed technique determines a surface fit for each leaf of the wheat plant separately. As all of the leaves
are digitised in a single point cloud, they are required to be separated into individual leaves. The separation
is performed using GeoMagic XOS, 3D editing and visualisation software that is able to perform a number of
features related to 3D scanning and subsequent visualisations. The orientation and shape of the wheat leaf
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(a) Kempthorne, Daryl. “A photo-
graph of a wheat plant which empha-
sises the twisted geometry of wheat
leaves.” 2013. JPG file.
(b) Kempthorne, Daryl. “A photo-
graph of a wheat plant with the sup-
porting structure to overcome some dif-
ficulties associated with using the Artec
S scanner.” 2013. JPG file.
Figure 1: Photographs of a wheat plant showing the plant with and without the supporting structure.
are required to apply the parameterization. They are described by three B-splines which traverse the length
of the blade, one for each boundary and one along the centre of the blade. The process of fitting these curves
is performed using the spline tool in Geomagic XOS. The control points for the B-splines of the edges are
determined by the user selecting points from within the point cloud. Additional knowledge of the physical leaf,
such as its width and geometry provide the user with additional information to navigate the point cloud to
determine control points. The process is performed in this manner since sharp edges, such as the edge of a leaf
blade, are known to generate the lowest quality scanned points (Tang et al., 2009).
Figure 2 shows a section of a data set near the edge of a leaf, along with the fitted boundary curve. As
this section of leaf blade was scanned using multiple orientations, the portion of dense data points is likely to
represent physically accurate positions, whereas the region of significantly lower density points is not.
The curve fitted along the centre of the blade gives additional information about the shape of the leaf.
Whilst this curve is not required to be exactly placed in the centre of the blade, it must accurately represent
the orientation as it is used as an axis during the parameterisation of the data points.
Parameterising the surface
The following definitions are used throughout this section. The scalar product of two vectors u = [u1, u2, . . . , un]
and v = [v1, v2, . . . , vn] is u · v = u1v1 + u2v2 + · · · + unvn. The Euclidean norm is used as a measure of the
magnitude of a vector and is defined as ‖u‖ = √u · u. The vector product of two vectors u and v in R3, denoted
by u× v = [u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1], produces a vector which is perpendicular to both u and v.
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Figure 2: Matlab visualisation of fitting the edge of the wheat leaf to a section of the data set. The region
of high density points is likely to represent the physical leaf, whereas the low density points are likely to be
artificial points.
The value of the parameter v which minimises the function f(v) is expressed as v = argminx f(x). Finally, the
subspace S of vectors that can be written as a linear combination of u and v is written as S = span{u,v}.
The algorithm used to parameterise the surface is outlined in Table 1. In this algorithm, m(t), with control
points at tj , j = 1, 2, . . . , N , is the B-spline representing the middle of the leaf blade, U(t) := m
′(t)/‖m′(t)‖ is
the unit tangent vector to the centre curve, W(t) is a B-spline representing the upward pointing unit normal
vector to the plane of best fit through the local data points and P = (xi, yi, zi) ∈ RM×3 is the set of M scanned
data points.
The function W(t) is constructed from the data set. This is done by using knot vectors nj at control points
tj , where nj := (vj ×U(tj)) / ‖vj ×U(tj)‖. The vector vj is calculated so that the affine space represented by
B = m(tj) + span {vj ,U(tj)} minimises the square orthogonal distance between this plane and the local data
points. i.e.
vj = argmin
v∈R3
∑
p∈Pj
‖p− projB(p)‖2 ,
where Pj = {p ∈ P : ‖p−m(tj)‖ < ∆} is the set of points in the sphere of radius ∆ centred at m(tj) and
projB(p) is the projection of p onto the space B. The value of ∆ is chosen as the maximum width of the leaf to
ensure that all data points near the boundary in the region of interest are included. To ensure the orientation
of the normal with respect to the surface is consistent along the length of the leaf, the condition nj · nj+1 >
cos(pi/4), j = 1, 2, . . . , N is enforced. This condition guarantees that the angle between two consecutive normal
vectors is less than 45◦, which in turn implies that the surface does not twist too quickly between the control
points. If this condition is not satisfied, the control points are refined until this condition is satisfied. Using this
construction, U(tj) and W(tj) are orthogonal at the control points.
A schematic of the parameterisation is shown in Figure 3. The centre line m(t) is indicated in blue, with the
dotted portion indicating the opposite side of the leaf. The local coordinate system is shown at four different
locations to illustrate the changing frame of reference along the leaf blade.
The parameterisation has the effect of removing the twists in the leaf, so that in the parameterised space,
all of the normal vectors are pointing in the same direction, chosen here to be k = [0, 0, 1]T . This is done by
choosing a rotation matrix Ri that performs a rotation about the axis U(ti) to align the direction of W(ti) and
5
Table 1: Algorithm for parameterisation of the wheat leaf surface
1: procedure parameterise(m(t),W(t), P )
2: for all points pi in P do
3: Set ti ← argmin
t∈[0,1]
‖pi −m(t)‖2
4: Determine Ri such that k = RiW(ti)
5: Set qi ←m(ti) +Ri(pi −m(ti))
6: Set ui ← q(1)i
7: Set vi ← q(2)i
8: Set wi ← q(3)i
9: end for
10: return (t,u,v,w)
11: end procedure
u
w
v
u
w
v
uw
v
u
w
v
Figure 3: Visual representation of the parameterisation of the leaf blade. The centre line is indicated in blue,
with the dotted portion showing the opposite side of the leaf. The local coordinate system is shown in red.
k. The parameter ti for each point represents the distance of the point along the leaf blade. The effect of the
parameterisation allows us to express w as a function of u and v, so that we are searching for the function of
the form f(u, v).
Summary of discrete smoothing D2-spline algorithm
A discrete smoothing D2-spline approach (Arcange´li et al., 2004) is used for determining the function f(x) over
the domain Ω. The surface resulting from the application of this approach minimises a linear combination of
the residual error between the scanned points and the fitted surface and the smoothness of the function, which
depends on the error introduced during the scanning process. This requires solving the functional equation
f = argmin
f∈C1(Ω)
M∑
i=1
(wi − f(ui, vi))2 + α
∫
Ω
(
∂2f
∂u2
)2
+
(
∂2f
∂u∂v
)2
+
(
∂2f
∂u2
)2
dx,
where α is a smoothing parameter that is determined by the process of generalised cross validation (Wahba,
1990). The first term represents the residual between the data points and the fitted surface. The second term
is a penalty term that is included to control the smoothness of the surface. The relative importance of each of
these terms is controlled by the smoothing parameter α. The function f is assumed to be of the form
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f(x) =
m∑
i=1
cihi(x),
where the m functions hi(x) are reduced Hsieh-Clough-Tocher basis functions (Dupuis and Goe¨l, 1970) and
the coefficients ci are to be determined. The application of this technique to wheat and chenopodium leaves is
described in Kempthorne et al. (Kempthorne et al., 2014b).
Finally, to compute the fitted surface, the coefficients ci in the representation of the function are calculated
as follows. Applying this technique to a data set leads to a number of systems of linear equations to be solved,
for each α, (
HHT + αM
)
c = Hy,
where H ∈ Rm×M and A ∈ Rm×m with values given by
Hij = hi(xj) and Aij =
∫∫
Ω
∂2hi
∂u2
∂2hj
∂u2
+
∂2hi
∂u∂v
∂2hj
∂u∂v
+
∂2hi
∂v2
∂2hj
∂v2
dx, (1)
respectively, and c = [c1, c2, . . . , cm]
T . The coefficient matrix HHT + αA is symmetric and positive definite
which allows the conjugate gradient algorithm to be used to efficiently solve the linear system (Saad, 2003).
Transforming the fitted surface to standard coordinates
The final step in our approach is to transform the surface from parametric coordinates back to standard
coordinates. Given the form of the parameterization, we can write this surface as
[xi, yi, zi]
T = m(ti) +R
T
i q
∗
i ,
where these functions have been defined in the previous sections and q∗i = [ui, vi, f(ui, vi)]
T is the fitted point.
In this work, the surface in standard coordinates have been constructed from a set of discrete points generated
in (u, v) coordinates by gmsh (Geuzaine and Remacle, 2009). These points are then used to find corresponding
points in (x, y, z) coordinates.
Results
The technique described was applied to each of the leaves of a wheat plant. A plant with leaves having three
distinct shape profiles was selected in order that the robustness of the algorithm could be demonstrated. The
3D scan of this plant is shown in Figure 4. The full data set contains 442943 data points on all three leaves and
the stem. From Figure 4, leaf 1 does not exhibit any twisting or bending along the length of the blade, leaf 2
contains a three quarter twist with variable width along the blade and leaf 3 bends in the centre and performs
a quarter twist near the tip.
Table 2 summarises the results of the computation time to perform the parameterisation. As the number of
data points increases, the mean computational time increases linearly, requiring approximately 1.4 seconds per
1000 data points on the tested hardware. These results were calculated using a Matlab script running on an
i7-4770 Ubuntu Workstation.
The results of applying this surface fitting technique to leaf blade 3 are shown in Figure 5. The data set for
the leaf contains 172883 points, distributed on the leaf blade as shown in Figure 5(a). The time to complete
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Leaf 3
Leaf 2
Leaf 1
Figure 4: 3D scan of a full wheat plant. Leaf 1 does not exhibit any twisting or bending, leaf 2 contains a three
quarter twist and leaf 3 bends in the centre and performs a quarter twist near the tip.
Table 2: Summary of computation time for the parameterisation algorithm. The mean time µ and variance σ2
have been estimated using n = 10 trials.
Leaf N Normal Calculation Time (s) Parameterisation Time (s)
Leaf 1 91272 µ = 3.21, σ2 = 0.001, n = 10 µ = 130.67, σ2 = 0.45, n = 10
Leaf 2 161193 µ = 5.70, σ2 = 0.004, n = 10 µ = 226.71, σ2 = 0.87, n = 10
Leaf 3 172883 µ = 4.97, σ2 = 0.006, n = 10 µ = 233.31, σ2 = 0.29, n = 10
the parameterisation of the data points is approximately 4 minutes, with the results shown in Figure 5(b).
This image emphasises the need for parameterisation, as the data set is now amenable to applying the discrete
smoothing D2-spline approach.
The execution time for computing the discrete smoothing D2-spline algorithm outlined above is 49.66 s,
which consists of 41.67 s to calculate the matrices HHT and A and 7.99 s to perform the generalised cross
validation to calculate the optimal value for the smoothing parameter α and corresponding coefficient values c.
The resulting surface is shown in parametric space in Figure 5(c) and in standard coordinates in Figure 5(d).
The execution time to convert the surface from parameterised to standard coordinates is 6.12 s. The fitted
surface shown is approximated by a fine mesh of 23456 points producing 46127 triangles, which was generated
using gmsh (Geuzaine and Remacle, 2009).
Leaf blades 1 and 2 were also reconstructed, taking 27.19 s and 42.71 s, respectively, to compute the discrete
smoothing D2-spline representation of each of the leaves. The fitted surface is approximated by a mesh of 11696
points and 22770 triangles for leaf 1 and 22657 points and 43875 triangle for leaf 2. A complete reconstruction
of the plant is shown in Figure 6. The three leaf blades have been constructed using the presented algorithm,
while the main stem of the plant has been approximated by a cylinder.
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(b) Parameterisation of the data set
(c) Fitted surface in parametric coordinates (d) Fitted surface in standard coordinates
Figure 5: Images detailing the parameterisation and reconstruction of wheat leaf blade 3.
Discussion
The algorithm for modelling the surface for a wheat leaf has been demonstrated to provide a realistic repre-
sentation of the surface. The advantage of using a parameterisation technique is that this provides a simple
pre-processing and post processing stage, so that the underlying discrete smoothing D2-spline surface fitting
technique is not restricted to flat leaves, but can be extended to modelling grasses, such as wheat and maize.
This extension allows significantly more leaf varieties to be modelled using the discrete smoothing D2-spline
approach, as additional or different pre-processing and post-processing stages could be applied for use in more
complex geometries.
The obvious downside to this approach is the computational effort required to parameterise the data set.
A significant portion of the parameterisation time is the calculation of the u coordinate, which requires solving
a non-convex minimisation problem. The current approach taken is to use the lsqnonlin function (from the
Optimisation Toolbox) in Matlab using the trust-region-reflective algorithm. The initial value is chosen
as the knot point which is closest to the data point, as this will be in the region which globally minimises the
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Leaf 3
Leaf 2
Leaf 1
(a) Scan of wheat plant (b) Reconstruction of wheat plant
Figure 6: Representation of the scan of the plant and a three dimensional reconstruction of each of the leaves.
The stem has been approximated with a cylinder. An interactive 3D reconstruction is viewable in Adobe Reader
9.0 or later (click the image to activate the interactive model).
distance between the centre line and the data points. Future research will involve analysing this minimisation
problem to determine an improved computational scheme.
Future work will also include automating the required user input in specifying the boundary and centre
curves. This will have the advantage of increasing throughput and increasing consistency, as the algorithm will
not require any human interaction.
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